The faithful lattices of rank 2(p ? 1) of the groups SL 2 (p) are described. For small primes p these and related lattices are investigated by computer. In particular a new extremal even unimodular lattice of rank 48 is constructed.
The study of nite integral matrix groups is one source for producing nice lattices. In particular representations of the group PSL 2 (p) for p 3 (mod 4) have been studied in 10] in connection with globally irreducible representations. Gross gives an interpretation of some of the invariant lattices as Mordell-Weil lattices. Since the real Schur index of the faithful rational representations of SL 2 (p) of degree 2(p ? 1) is two, they can be viewed as representations over totally de nite quaternion algebras. The present article grew out of the investigation of nite quaternionic matrix groups 13].
The paper is organized as follows: After introducing notation and general arguments the faithful lattices of degree 2(p ? 1) of SL 2 (p) are described. For p 1 (mod 4) these lattices can be constructed as cyclotomic lattices over quaternion algebras, as described in section 3. In the next section it is shown that some of these lattices coincide with the very dense Mordell-Weil lattices discovered by Elkies and Shioda 23] . The concluding section deals with those SL 2 (p)-lattices for which the endomorphism ring is a maximal order in the quaternion algebra with center Q p p] rami ed only at the two in nite places.
This article is written during a fellowship at the university of Bordeaux nanced by the Deutsche Forschungsgesellschaft. I am grateful to both organizations. Finally I want to thank K. Belabas for his help in solving problems with PARI. e-mail: gabi@math.rwth-aachen. de 1 General notation and properties. Let G GL n (Q) -following P. Hall the symbol is used to denote \is subgroup of" -be a nite subgroup of the group of rational invertible n n matrices. There are two important sets that describe the G-invariant Euclidean lattices in Q n : the set L(G) := fL Q n j L is a full Z-lattice in Q n and Lg L for all g 2 Gg of G-invariant lattices and the vector space of G-invariant quadratic forms F(G) := fF 2 M n (Q) j F = F tr and gFg tr = F for all g 2 Gg: F(G) is a subspace of the vector space of the rational symmetric n n matrices and contains the non empty subset F >0 (G) consisting of the positive de nite invariant quadratic forms. The space F(G) can be viewed as the space of symmetric homomorphisms from the natural representation g 7 ! g to its contragredient representation g 7 ! (g ?1 ) tr . Its dimension can be calculated by decomposing the representation over the reals. The representation is irreducible over R if and only if dim Q (F(G)) = 1. In this case the matrix group G is called uniform, because then there is up to scalar multiples a unique G-invariant quadratic form. is the dimension of L. This is related to the density of the lattice. The lattice (L; F) is said to be primitive if the ideal generated by the values of the bilinear form F on L is Z. In abuse of notation a subgroup G GL n (Q) is called irreducible if the natural representation is irreducible. By Schur's Lemma G is irreducible if and only if the endomorphism algebra End(G) := fx 2 M n (Q) j xg = gx for all g 2 Gg is a skew eld. Lemma 1.1 Let G be an irreducible subgroup of GL n (Q) and assume that dim(F(G)) 2. Let F 2 F >0 (G), L 2 L(G).
(i) If G is uniform then C := End(G) is isomorphic to either Q , an imaginary quadratic number eld, or a positive de nite quaternion algebra with center Q .
If dim(F(G)) = 2 then C is either an abelian number eld with maximal real sub eld of degree 2 over Q or a positive de nite quaternion algebra over a real quadratic number eld. The mapping x 7 ! xF is an isomorphism from the maximal real sub eld of the center of C to F(G).
(ii) The anti-automorphism : C ! C; x 7 ! Fx tr F ?1 is independent of the choice of F 2 F >0 (G). If C is commutative then induces the complex conjugation on C. If C is a quaternion algebra then is the canonical involution of C.
(iii) If the endomorphism ring M := End L (G) := fx 2 C j Lx Lg is stable under the map of (ii) then M is also the endomorphism ring of the dual lattice L #;F . The condition holds if M contains the maximal order of the xed eld of the restriction of to the center of C and in particular if G is uniform.
Proof: (i) Well known (cf. e.g. 14, Remark (II.1)]).
(ii) Let x 2 C, g 2 G. Then g (x)g ?1 = gFx tr F ?1 g ?1 = Fg ?tr x tr g tr F ?1 = (x), hence (x) 2 C. Moreover 2 is the identity on C and (xy) = (y) (x) for all x; y 2 C. Since for any F 0 2 F(G) the matrix F 0 F ?1 lies in the center of C, the map is independent of F. Moreover, x 2 C is a xed point of if and only if xF is symmetric. Therefore (x) = x , x lies in the maximal real sub eld of the center of C. Galois theory resp. 20, Theorem 8.11.2] now implies (ii). If C is a subalgebra of M n (Q) isomorphic to a number eld K, C and K are identi ed and the matrices in C are referred to as to algebraic numbers. In particular an element x 2 C with x 2 = p is denoted as p p and k also means a primitive k-th root of unity in C.
The notation of 17, Proposition II.4] is used to describe nite matrix groups whose natural representation is close to a tensor product. In particular if G GL n (Q) and H is a subgroup of the unit group of End(G), then G H denotes the group generated by G and H. A 2 on top (sometimes followed by a natural number in brackets) indicates a certain extension of this group by a group of order 2. (ii) If p 5 (mod 12) then End( 6 (G)) = Q 1;3 is isomorphic to the quaternion algebra with center Q rami ed at 3 and in nity.
(iii) If p 3 (mod 8) then End( 4 (G)) = Q 1;2 is isomorphic to the quaternion algebra with center Q rami ed at 2 and in nity.
The modular constituents of the i are already described in 17] and may be obtained from 4]. The only reference I found for the invariant bilinear form of (i) is 11, Theorem VI. 2
In the other two cases the group k (SL 2 (p)) (k = 6 resp. 4) is uniform and the endomorphism algebra has class number 1. Since 3 Cyclo-quaternionic lattices.
In this section an explicit construction for the lattices L 2(p?1);2 (M) and L 2(p?1);6 for primes p 1 (mod 4) is obtained. To nd these lattices one has to construct a representation of a metacyclic group, which is certainly easier than constructing 2 or 6 , but involves the problem of solving norm equations in abelian number elds if p 1 (mod 8).
The fundamental observation is that for k = 2 and 6 the restriction of k to the Borel subgroup B := C p :Cp?1 2 SL 2 (p) (the non split extension of a cyclic group C p of order 2p by the subgroup of index 2 in Aut(C p )) remains rationally irreducible. Note that p?1 2 is even because p 1 (mod 4) in these two cases.
Since B has only one rational irreducible faithful representation the restrictions of the two representations 2 (2) : : : L ( 6 of the center Z(G) = C p+1 . Proof: The strategy of the proof is to de ne an action of G on a subset S of vectors of norm p+1 3 in E(K). The kernel of this action is the subgroup of index 6 in the center Z(G). The image H acts as isometries (with respect to h) on this subset S of the free abelian group E(K), hence linear on the Q -vector space spanned by S. Since H has no faithful rational representation of degree < 2(p?1), the subset S generates a full H-invariant sublattice L of E(K). The most di cult part of the proof is the identi cation of L with E(K). For this purpose a sublattice of rank 4 of L on which a certain element of order p + 1 in G acts as 6th root of unity is compared with the corresponding sublattices of the other G-lattices of dimension 2(p ? 1) using an explicit description of the group ring. Elkies pointed out a much easier proof of Theorem 4.1 which is sketched in Remark 4.8.
The subset S E(K). With 23, Proposition 5.3] one nds:
The elements (x 1 ; x 2 ) 2 X p+1 (F p 2 t]) such that x 1 That this action of G on S induces isometries of the lattice (L; h), may be seen by a direct calculation of the scalar products: Let P; Q 2 S. Viewing the points on E(K) as elements (P ); (Q) of the N eron-Severi group of the corresponding elliptic surface and taking into account, that this surface has no reducible bers and that P and Q do not intersect with the zero divisor, one calculates hP; Qi = p+1 6 ?((P)(Q)) (cf. 22]), where ((P )(Q)) is the intersection number of the two divisors (P ) and (Q) and h:; :i is the bilinear form whose associated quadratic form hP; Pi = h(P) is the canonical height.
Let P := (?(at + b) (p+1)=3 ; (ct + d) (p+1)=2 ) and Q := (?( t + ) (p+1)=3 ; ( t + ) (p+1)=2 ) be in S.
The value t 2 P 1 (F p 2 ) = F p 2 f1g gives an intersection point of (P ) and (ii) Let q = 3 and e resp. e 0 be the centrally primitive idempotents of KN belonging to resp . 0 . Let a := (1 ? e ? e 0 ) . Then e a =(e a \ a ) = (R=3 a?1 R) 4 and e =(e \ ) = (R=3 a R) 2 (R=3 a?1 R) 2 as R-modules. where i is the character of SL 2 (p) described in section 2.
In case (i), the restriction of the natural character to SL 2 (p) is 2 p+1 2 = 2( + 0 ) and in case (ii) it is 2 , hence dim(T ) = 8 resp. 4.
To derive the index of T T ? in M, let q be a prime and q a the largest qpower dividing p+1. If a = 0, then Z q T is a direct summand of Z q M. Therefore assume that a 1. Let R and N := N SL 2 (p) (hAi) be as in Lemma 4. If q > 3 then in both cases the character a orded by the Q q N-module Q qM does not contain . Therefore Z q T is a Z q N-sublattice of P. Lemma 4.2 (i) now implies that in both cases (i) and (ii) the Sylow q-subgroup of M= (T T ? ) is (Z=q a Z) dim(T ) , which is also the Sylow q-subgroup of T #;F =T, because q does not divide the determinant of (M; F). 8 .
In case (ii) the character only occurs in the character a orded by the projective RN-lattice P. Lemma 4.2 (ii) yields that the Sylow 3-subgroup of
The image of N S 3 acting on T is the central product N :=S 3 S 3 .
In case (ii), this group N xes only one lattice of determinant 3 2 A # 2 if p = 11) is the dual lattice, the sublattice (T; 1 p F) is isometric to A 2 2 . Proof: Most of the proof is completely analogous to the one of Lemma 4.3 and need not be repeated. The main di erence is the argumentation in the case q = 2. As in Lemma 4.2 let 2 a be the maximal 2-power dividing p + 1. To get the minimum of the lattice (T; A further operation one might apply to the lattices L 2(p?1);2 (M) is taking tensor products over maximal anti-identifyable subrings O of the endomorphism rings. The automorphism group of this lattice contains a subgroup 2 (SL 2 (p)) S 2 (SL 2 (q)), where S := Q O is the Q -subalgebra spanned by O, isomorphic to the central product of SL 2 (p) and SL 2 (q). To obtain a unimodular lattice one usually has to choose an appropriate quadratic form in is the absolutely irreducible group (SL 2 (13) S SL 2 (5)):2 2 , where S = Q 1;2 .
In particular M = L 48 is not isometric to one of the two known extremal unimodular lattices P 48p and P 48q (cf. 5]) of dimension 48. The existence of many root free unimodular lattices having such a structure has been predicted in 2]. However it is shown in 1] that an extremal unimodular lattice may not be obtained from a principal ideal in Z 65 ].
